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Abstract 

In this paper we establish a complete representation theorem for G-martingales. 
Unlike the existing results in the literature, we provide the existence and uniqueness of 
i^h ■ the second order term, which corresponds to the second order derivative in Markovian 

case. The main ingredient of the paper is a new norm for that second order term, which 
is based on an operator introduced by Song |13j . 
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1 Introduction 

The notion of G-expectation, a type of nonlinear expectation proposed by Peng [6], [7], 
has received very strong attention in the literature in recent years. In Markovian case, 
the G-expectation and the closely related Second Order Backward SDEs introduced by 
Soner, Touzi, and Zhang are associated with fully nonlinear PDEs, see also Peng [8|. 
Their typical applications include, among others, economic/financial models with volatility 
uncertainty and numerical methods for high dimensional fully nonlinear PDEs. 

G-expectation is a typical nonlinear expectation. It can be regarded as a nonlinear 
generalization of Wiener probability space (fl,F,P) where Q = G([0, oo), R d ), T = B(O) 
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and P is a Wiener probability measure defined on (Q, J 7 ). Recall that the Wiener measure is 
defined such that the canonical process Bt(oj) := cjf, t > is a continuois process with stable 
and independent increments, namely (Bt)t>o 1S a Brownian motion. G-expectation E G is a 
sublinear expectation on the same canonical space such that the same canonical process 
B is a G-Brownian motion, i.e., it is a continuous process with stable and independent 
increaments. One important feature of this notion is its time consistency. To be precise, 
let £ be a random variable and Yt := Ep [£] denote the conditional G-expectation, then one 
has Ef [£] = Ef [Ef (£)] for any s < t. For this reason, we call the conditional G-expectation 
a G-martingale, or a martingale under G-expectation. It is well known that a martingale 
under Wiener measure can be written as a stochastic integral against the Bronwnian motion. 
Then a very natural and fundamental question in this nonlinear G- framework is: 

What is the structure of a G-martingale Y? (1-1) 

Peng [6] has observed that, for Z G H G and r\ G M G (see (f2TT2|) and ([237]) below), the 
following process Y is always a G-martingale: 

dF t = Z t dB( - G{ m )dt + ^md(B) P (1.2) 

Here G is the deterministic function Peng [6] used to define G-expectations and (B) is 
the quadratic variation of the G-Brownian motion B. We remark that, in a Markovian 
framework, we have Yt = u(t,Bt), where u is a smooth function satisfying the following 
fully nonlinear PDE: 

d t u + G(d xx u) = 0. (1.3) 

Then Z t = d x u(t,B t ) and rjt = d xx u(t, B t ). In particular, if £ = g(Bx), then by PDE 
arguments we see immediately that Yt := Ep[£] has a representation (|1.2p . Peng was even 
able to prove this (Z, ^-representation holds if £ is in a dense subspace Ci v of C P G (see (|2.5|) 
below). But observing that Ci p is not a complete space, a very interesting question was 
then raised to give a complete (Z, ^-representation theorem for Ej [£]. 

The first partial answer was provided by Xu and Zhang [14J: if Y is a symmetric G- 
martingale, that is, both Y and — Y are G-martingales, then 

dYt = ZtdBt for some process Z. (1-4) 

However, symmetric G-martingales captures only the linear part in this nonlinear frame- 
work, and it is essentially important to understand the structure of nonsymmetric G- 
martingales. 

By introducing a new norm || • [| L 2 (see (|2.22p below), Soner, Touzi and Zhang |10j 
proved a more general representation theorem: for £ G Lg, 

dY t = ZtdBt - dK t , (1.5) 
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where K is an increasing process such that —K is a G-martingale. It has been proved 
independently in [10] and Song [12] that L^, D f] q>p where \\-\\c q G is the norm introduced 
in [6]. In particular, [12| extended the representation fjl .5[) to the case p > 1. 

Now the questions is, when does the process K in (|1.5p have the structure: d?Q = 
G(rjt)dt — ^i]td(B)t? Several efforts have been made in this direction. Hu and Peng [4] 
and Pham and Zhang [9j made some progresses on the existence of r/. However, there is 
no characterization of the process r], and in particular, they do not provide an appropriate 
norm for r]. On the other hand, Song [p3] proved the uniqueness of 77 in the space Mq- A 
clever operator was introduced in this work, which successfully isolates the term ^rj t d(B) t 
from dKt, and thus essentially captures the uncertainty of underlying distributions. This 
idea turns out to be the building block of the present paper. 

Our main contribution of this paper is to introduce a norm for the process r], based 
on the work [13J. We shall prove the existence, uniqueness, and a priori norm estimates 
for T]. In particular, given £1 and £2 in appropriate space, let (Y % , Z l , rf) , i = 1,2, be 
the corresponding terms, we shall estimate the norms of Z 1 — Z 2 and i] 1 — rj 2 in terms of 
that of y 1 — Y 2 , where the latter one is more tractable due to the representation formula 
F t = Ef[£]. Unlike [H], we prove the estimates via PDE arguments. 

The rest of the paper is organized as follows. In Section[2]we introduce the G-martingales 
and the involved spaces. In Section [3] we propose the new norm for r/ and provide some 
estimates. Finally in Section 2] we establish the complete representation theorem for G- 
martingales. 

2 Preliminaries 

In this section we introduce G-expectations and G-martingales. We shall focus on a simple 
setting in which we will establish the martingale representation theorem. However, these 
notions can be extended to much more general framework, as in many publications in the 
literature. 

We start with some notations in multiple dimensional setting. Fix a dimension d. Let 
R rf and S rf denote the sets of (i-dimensional column vectors and d x d-symmetric matrices, 
respectively. For <7i,o"2 G <?i < &2 (resp. <j\ < 02) means that 02 — (?\ is nonnegative 
(resp. positive) definite, and we denote by [o"i,o"2] the set of a G S d satisfying a\ < a < 02- 
Throughout the paper, we use to denote the ti-dimensional zero vector or zero matrix, 
and Id the d x d identity matrix. For x,x 6 W 1 , 7,7 £ S rf , define 

x ■ x := x T x, \x\ := \/x ■ x, and 7 : 7 := tr (77), \j\ := ^7 : 7, (2.1) 

where x T denotes the transpose of x. One can easily check that 

|7 : 7I < I7H7I, and —7 < 7 < 7 implies that \^\ < \ (2-2) 
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2.1 Conditional G-expectations 

We fix a finite time interval [0, T], and two constant matrices < a < a in S d . Define 

G( 7 ) := - sup {a 2 : 7), for all 7 G E> d . (2.3) 

2 aE\a,a] 

Let !!:= {we G([0,T],M d ) : u; = 0} be the canonical space, B the canonical process, and 
F := ¥ B the filtration generated by B. For £ = ip(Bx), where ip : R d -4 R is a bounded and 
Lipschitz continuous function, following Peng [6] we define the conditional G-expectation 
Ef[£] := u(t,B t ) where u is the (unique) classical solution of the following PDE on [0,T]: 

8 t u + G(d xx u) = 0, u(T, x) = <p(x). (2.4) 

Let Lip denote the set of random variables £ = (f(B tl , • • • ,B tn ) for some < t\ < ■ ■ ■ < 
t n <T and some Lipschitz continuous function ip. One may define Ef [£] in the same spirit, 
by defining it backwardly over each interval [t^, i^+i] - In particular, when t = we define 
E G [£] :=E G [£]. 

For any p > 1, define 

U\\ P CP :=E G [|£H, (2.5) 

Clearly this defines a norm in d p . Let >Cg denote the closure of Ci p under the norm || • ||_£P , 
taking the quotient as in the standard literature. One can easily extend the conditional 
G-expectation to all £ G C l G . 

We next provide an equivalent formulation of conditional G-expectations by using the 
quasi-sure stochastic analysis, initiated by Denis and Martini [2] for superhedging problem 
under volatility uncertainty. Let A denote the space of F-progressively measurable processes 
taking values in [o;,^]. Denoting by Po the Wiener measure, we define 

V := jp' 7 := P o {X a Y l : a G »4,| where X t CT := J a s dB s , P -a.s. (2.6) 

Then B is a P-martingale for each P G V- Following [2], we say 

a property holds P-quasi surely, abbreviated as P-q.s., if it holds P-a.s. for all P G V.{2.7) 
It was proved in Denis, Hu and Peng [lj that: 

E G [£] = supE p [£], £G£^. (2.8) 

The result was extended by Soner, Touzi and Zhang [10] to conditional G-expectations: for 
any P G V and any t G [0, T], 

Ef[£] = esssup p Ef [£], £ G Cq, where V(t,F) := |p' G V : P' = P on tX. (2.9) 
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We remark that Peng [5] had similar ideas, in the contexts of strong formulation. 
We finally note that Kf obviously satisfies the following subadditivity: 

E?[£i + 6] < EfKl] + Effo], for any 6 G £^ 



(2.10) 



2.2 Stochastic integrals 

First notice that, there exists a § d -valued process (B) such that BfBj — (B)t is a G- 
martingale. In fact, under each P G V, (B) is the same as the quadratic variation of the 
P-martingale B, and consequently, 



£ 2 <j t (B) t <a 2 , V-q.s. 



(2.11) 



Naturally we call (B) the quadratic variation of B. Next, we call an F-progressively mea- 
surable process Z with appropriate dimension is an elementary process if it takes the form 
Z = J27=o Zti~L[ti,t i+1 ) f° r some = to < • • • < t n < T and each component of Z ti is in Ci p . 
Let T~Lq denote the space of Revalued elementary processes. For any p > 1, define 

r-T 



\z\\> 



E 



G 



{Z t Zi ) : d(B) t 



z en 



o . 

Gi 



(2.12) 



and let T-L P G denote the closure of Hq under the norm || • ||^p 
Now for each Z G T-Lq, we define its stochastic integral: 



/ Z s .dB s :=Y,Z U -[Bu +1 



At 



B 



UAt 



(2.13) 



One can easily prove the Burkholder-Davis-Gundy Inequality: for any p > 0, there exist 



constants < c p < C p < oo such that 



Cp\\Z\\^p P^ 



sup I / Z s ■ dB s 

0<t<T Jo 



— Cp\\Z\\yjp^. 



(2.14) 



Then one can extend the stochastic integral to all Z G W?q. 



2.3 G- martingales 

One important feature of conditional G-expectations is the time consistency, which can also 
be viewed as dynamic programming principle: 



Ef(£) =Pf[£], for all £g£g and < s < t < T. (2.15) 
We recall that 

a process Y is called a G-martingale if \Yt] = Y s for all < s < t < T. (2.16) 
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Therefore, Y is a G-martingale if and only if Y t = Ep[£] for £ = Yp. 

It is clear that Jq Z s dB s is a G-martingale for all Z G In particular, the canonical 
process B is a G-martingale and is called a G-Brownian motion. However, G-martingales 
has a richer structure. Let M G be the space of S d -valued elementary processes. Define 



'Ml 



E 



G 



\m\dt 



o . 



(2.17) 



and let M G denote the closure of M. G under the norm || • \\m p g • An interesting fact observed 
by Peng [6] is that the following decreasing process is also a G-martingale: 



\ I r ]s :d{B) s - I G( Vs )ds, V eM G . 
1 Jo Jo 



(2.18) 



Consequently, the following process Y is always a G-martingale: 



Y t = Y + / Z s ■ dB. 



G(rj s )ds 



r) s :d(B) s , ZeH G , ^4 (2-19) 



On the other hand, for any £ G Ci p , by Peng [7] there exist Z G 77 G .A/f ^ such that 
It := Ej*[£] satisfies (|2.19p . In particular, when £ = if (Bp), for the classical solution it of 
PDE ([23]), we have: 

F t = «(t,B t ), Z t = d x u(t,B t ), Vt = d xx u(t,B t ). (2.20) 

Our goal of this paper is to answer the following natural question proposed by Peng [7j: 

For what £ do there exist unique Z G % G and rj G -M G satisfying (|2,19p ? (2-21) 

The problem was partially solved by Soner, Touzi and Zhang [10], which introduced the 
following norm: 



E 



G 



^p (Kimy 

0<t<T 



£ G C'vp- 



(2.22) 



Let h G denote the closure of Ci p under the norm || • || l p . Then for any £ G L, G , there exist 
unique Z G 7i G and an increasing process K with .Ko = such that 

Y t :=E?[£]=Y + J z a -dB a -K t and \\Z\\ H , g + H^tII^ < C||£|| L a. (2.23) 

It was proved independently by [TO] and Song [12] that ||£||lp — Cp,gll£ll£«j f° r an y 1 < P < Q- 
Moreover, the above representation was extended by [12] to the case p > 1. 
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2.4 Summary of notations 

For readers' convenience, we collect here some notations used in the paper: 

• The inner product -, the trace operator :, and the norms |7| are defined by ()2. lj) . 

• The function G, G a and G £ are defined by (|2,3p . (|3.ip . and (|3.5p . respectively. 

• The class of probability measures V, and the G-expectation E G are defined by (|2.6p 
and (|2.8p . respectively. 

• The norms ||£||£P and f° r £ are defined in (|2.5p and (|2.22p . respectively. 

• The norm for Z is defined in (|2.12p . 

• The norm H^/H^p for Tj is defined in (|2.17|) . 



The norm ||y||]jp for cadlag processes Y, see also (|2.22|) . is defined by: 



\Y\\ P ■— F L 

1 WnP ■— ^ 



G l 0<t<T 



sup \Y t \ p . (2.24) 



• The operator £? t is defined by (|3.2p 

• The constants cq, Co are defined by ([37 

• The function 5 n is defined by (|3.Tj) . 

• Then new norms ||7/||m g and ||??||m g fo r V are defined by (|3.1ip and (|3.16p . respectively. 

• The space M.q and class Vq are defined by (|3.17p and (|3.18p . respectively. 

• The new metric c£g,p(£i>£2) for £, is defined by (|4.3p . and is the corresponding 
closure space. 

• For < s < t < T, the shifted canonical process is defined by: 

B s t := B t -B s . (2.25) 



3 A new norm for 77 

Our main contribution of the paper is to introduce a norm for r/. For that purpose, we shall 
introduce two nonlinear operators, one via PDE arguments and the other via probabilistic 
arguments. The latter one is strongly motivated from the work Song [13], and the connection 
between the two operators is established in Lemma 13.41 below. 

3.1 The nonlinear operator via PDE arguments 

We first introduce a new nonlinear operator £ a on Lipschitz continuous functions, with a 
parameter a G S d . Define 

G Q (7) = ^[G(7 + 2a) + G( 7 -2a)], 7 G S d . (3.1) 
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Given < t\ < t 2 < T and a Lipschitz continuous function cp, define £f t 2 (v) := n °(^ii 0) 
where u a is the unique viscosity solution of PDE on [ti,t2] ; 

8 t u a + G a (8 xx u a ) = 0, u a (t 2 , x) = <p(x). (3.2) 

Clearly G a is strictly increasing and convex in 7. In particular, the above PDE is parabolic 
and is wellposed. We collect below some obvious properties of G a and £ a , whose proofs are 
omitted. 

Lemma 3.1 For any a G E d , 

(i) £ a satisfies the semigroup property: 

£ Z,t 2 K,tM) = £ ?i,tMi f° ran v o<ti<t 2 <t 3 <T. (3.3) 

(%%) G~ a = G a >G = G°. 

(Hi) If if = c is a constant, then £f t (c) = c + G a (0)(t2 — t\). 
The next property will be crucial for our estimates. Let 

Co := the smallest eigenvalue of -[a 2 — a 2 ], and Co := -\a 2 — cr 2 |. (3.4) 
Then clearly Cq > cq > and a 2 + co-Z^ < a 2 — c$Id- Denote, for e < co, 

G £ {l) ■= r sup (a 2 : 7), where := ct 2 + e/ d , a 2 := a 2 - eld- (3.5) 

2 <xe[<7 ei a e ] 



Lemma 3.2 (%) For any < e < Co and a, 7 E S rf ; it holds that 

G e ( 7 ) + e|a| < G a ( 7 ) < G( 7 ) + C \a\. (3.6) 
(^i) Assume <p < (p <Tp are Lipschitz continuous functions, and < t\ < t2 < T. T/zen 



^(x + Bg) + e |a|(t 2 -ti)<£g ife ( ¥J )(ar)<E u ¥>(s + B£) + C |«|(t 2 - ti). 



G 



?*1' 



Proof. (i) We first prove the left inequality. Let a\, ■ ■ ■ , denote the eigenvalues of a, 
and a the diagonal matrix with components ati, ■ ■ ■ , 0.4. Then \a\ = (a 2 + • • • + a 2 ;) 5 , and 
there exists an orthogonal matrix P such that P T aP = a. Let c £ denote a diagonal matrix 
whose diagonal components take values e or —e. Now for any a £ E [£ e ,o r e ], by (13. 5j) . we 
have 

a 2 + Pc e P T G [o: 2 ,^ 2 ] and a 2 - Pc £ P T G [a 2 , a 2 ]. 
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Then 



2G Q ( 7 ) = G( 7 + 2a) + G( 7 - 2a) 



> 



(a 2 + Pc e P T ) : (7 + 2a) + (a 2 - Pc £ P T ) : (7 - 2a) 



= a 2 : 7 + 2(Pc £ P T ) : a = a 2 £ : 7 + 2c e : (P T aP) = a 2 : 7 + 2c £ : a. 
By the arbitrariness of a £ and c e , we get 



G a ( 7 ) > G e ( 7 ) + e £; |oj| > G e ( 7 ) + e 



We now prove the right inequality of (|3.6p . For any 01 , 02 G [0, a] , we have 
a\ : (7 + 2a) + a\ : (7 - 2a) = (a 2 + af) : 7 + 2{a\ - of) : a. 

Note that 



Then, by 



2 ' j 2 2\ ^ — 2 r— 2 2i ^ 2 2^—2 2 

£ < -j\ a \ + °2J — 17 j ~~ i " ~~ £ J — °i — °2 — a £ ■ 



a 2 : (7 + 2a) + of : (7 - 2a) < AG{-y) + 4C Q \a\. 



Since o\ , a 2 are arbitrary, we prove the right inequality of (j3.6|) , and hence (|3.6 
(ii) One can easily check that 



<p(x + Bll) +e\a\(t 2 -h) =v a (h,x), 



h 



lp{x + B\l) +C \a\(t 2 -t 1 )=v a {t 1 ,x), 



where v a ,v a are the unique viscosity solution of the following PDEs on [£1, : 

d t v a + G e {d xx v a ) + e\a\ = 0, v a (t 2 ,x) = ip(x); 
dtv" + G(d xx v a ) + CoM = 0, v a (t 2 , x) = <p(x). 

Then the statement follows directly from (|3,6|) and the comparison principle of PDEs. 

3.2 The nonlinear operator via probabilistic arguments 

For any n > 1, denote tf := ~T, i = 0, • • • , n, and define 



n—l 



S n (t) = J2(- 1 ) il m^ 1 ), t€[0,T\. 



(3.7) 



i=0 



This function was introduced in [13J which plays a key role for constructing a new norm. 
According to |13j . we have 



Lemma 3.3 For any r\ G Mq, it holds that lim^oo E G J Q T G(r]t)8 n (t)dt 
The next lemma establishes the connection between 5 n and G a . 

Lemma 3.4 Let < s < t < T and a G S d . 

(i) For any 7 G §> d , we have 

1 



= 0. 



[a<S„(r) + -7] = d<B) r j = G a ( 1 )(t-s). 



lim E? 

(nj For any x G M rf and any Lipschitz continuous function (p, we have 



lim E?[ r«5 n (r)a:d(B) r + ^ + J B t s )l =^M(x). 



Proo/. (i) Fix n such that ^ <t — s. Note that 



E' 



G 



l 2i+2 [ 

Mn(r) + -7] : d(B) r 



= eS 

l 2i 



E?n 

Hi 



= E 



E 



(i 7 + a) : [(B) t n i+i - (B) tn J + (± 7 - a) : [(B)^ - <£) t » + J 
(i 7 + a) : [<£> %+1 " (B> 5 ] + E| +i [(± 7 - a) : [<B>^ a - (B)^]] 
(^7 + «) = [(B)q i+1 ~ <B) t »] + G( 7 - 2a)^ 
(^7 + «) : [<B) t n - <B) t »]l + G( 7 - 2a)^ 
G( 7 + 2a)^ + G( 7 - 2a)^ = G a ( 7 )(^ +2 - 



G 



Similarly, for any i < j, 



E 



G 



J\a8 n (r) + l 7 ] : d<S> r ] = G Q ( 7 )(^ - 



Now assume < s < < tfy < t < t% j+2 . Then 



G 



< 



E 



E? 



t [aS n (r) + l 1 }:d(B) r ]-G a ( 1 )(t-s] 



[«*n(r) + ^7] = d<5), 



E 



G 



/ [<*S n (r) + -7] : d(B), 

tin Z 



+ 

2T 



G^iW^-t^-G^mt-s) 
T !+2 + /j[a* n (r) + ^7]: W 



2T 

+ — |G«( 7 )| 



1 2T 

< ^|a 2 |[|a|+ | 7 |] + _|G a (7)|^0, as n -> 00, 

77- Zi TL 



10 



where the last inequality thanks to (|2.2p . This proves the result, 
(ii) Without loss of generality, assume t = T. Define 



u(t, x) 
u(t, x) 



lim u n (t, x) := lim E f G / 5 n (r)a : d(B) r + <p(x + B l T ) 



T 



r fT 

lim u n (t, x) := lim Mf / 5 n (r)a : d(B) r + <p(x + B l T ) 



By the structure of G- framework it is clear that u and u are deterministic functions. Ob- 
viously u<u. We claim that u and u are viscosity subsolution and viscosity supersolution 
of PDE (|3,2p with t\ = 0, t2 = T 1 . Note that PDE (j3.2|) satisfies the comparison principle 
for viscosity solutions. Then u < u and thus u(t, x) = u(t, x) = £" T (y>)(x). This proves the 
result. 

We now prove that u is a viscosity subsolution, and the viscosity supersolution property 
of u can be proved similarly. As usual, we start from the partial dynamic programming 
principle: for 0<t<t + h<T, 



u(t, x) < lim E 



G 



t+h 



5 n (r)a : d(B) r + u(t + h,x + B$ +h ) 



(3.10) 



Indeed, by the time homogeneity of the problem, we have 



E G 
E G 



t+h 



5 n (r)a:d{B) r + Ef +h [ / 5 n (r)a : d(B) r + tp(x + B^)] 

J t+h 



t+h 



5 n (r)a : d(B) r + u n (t + h,x + B^) 



Then 



u(t, x) - lim E G 

n— >oo 



t+h 



lim u n (t,x) - lim E 



G 



5 n (r)a : d(B) r +u(t + h,x + B\ +h ) 

t+h 

5 n (r)a : d(B) r + u(t + h,x + B 



t+h, 



< lim E 



G 



{u n -u)(t + h,x + B\+ h ) 



Following standard arguments it is obvious that u is uniformly Lipschitz continuous in x. 
Moreover, lim n -^ 00 (u n — u)(t + h,x) =0 for any Then (|3.10p follows directly from 

the simple Lemma 13.51 below. 

We next derive the viscosity subsolution property from ()3.10p . Let (t,x) £ [0,T) x M. d 
and ip G C 1,2 ([t, T) xMr) such that = [u — ip](t,x) = max^ s ^^ t ^ xRd [u — tp](s, y). Denote 
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X s := x + -B*. For any < h < T — t, by ()3.10j) and then applying Ito's formula we have 



(p(t,x) = u(t,x) < lim E 

n— >oo 



G 



t+h 



5 n (r)a : d{B) r + u(t + h,X t+h ) 



< lim E' 
= lim E' 

n— >oo 



G 



(J n (r)a:d(5) r + ¥j(t + /i,X t+/l ) 



G 



<5 n (r)a : d(B) r + (p(t,x) 



1 



+ / [d t (f(r, X r )dr + -d xx p(r, X r ) : d{B), 



< lim E' 



G 



+E' 



G 



[a<S n (r) + -d xx cp(t, x)] : d(B) r + </>(t, x) + x)/i 
[9t<p(r, X r ) - x)]dr + - [d xx <p(r, X r ) - d xx (p(t, x)] : d(B), 



< G Q (d xx ip(t, x))h + cp(t, x) + d t <p(t, x)h 



+E 



G 



2 7* 



la 21 



sup [\d t (p(r,X r ) - d t (f(t,x)\ + — \d xx p(r,X r ) - d xx cp(t,x)\ 

t<r<t+h z 



h. 



thanks to (|3.8p . By standard arguments u is uniformly Lipschitz continuous in x, and note 
that viscosity property is a local property. Then, without loss of generality we may assume 
dtf and d xx is bounded and uniformly continuous in (t, x) with a modulus of continuity 
function p. Thus, 

0<d t <p(t,x) + G a (d x Mt,x)) + CE G \p(C[h+ sup {BiW) 

1 t<r<t+h 

Send h — > we can easily get 

d t ip(t, x ) + G a (d x Mt,x)) >o. 

Clearly u(T,x) = (p. Therefore, u is a viscosity subsolution of PDE ()3.2p , ■ 

Lemma 3.5 Assume ip n : M rf — >■ M are uniformly Lipschitz continuous functions, uniformly 
in n, and lim^—^oo <Pn(x) < for all x. Then lim^oo E G [tp n (Bt)] < for any t. 

Proof. Let L denote the uniform Lipschitz constant of ip n . For any e > and R > 0, there 
exist finitely many X{, i = 1, ■ • ■ , M and a partition U^£ 1 Oj = Or(0) := {x G : |x| < -R} 
such that \x — Xi\ < e for all x 6 Oj. Denote Oo : = R d \Oi?(0) and xq := 0. Then 

M M M 

p n (B t ) = ^2ip n (B t )l 0i (B t ) =^< Pn (xi)lo i (B t ) + Yl[MBt)-<Pnfa)] 1 o i (.B t ) 



i=0 



i=0 



i=0 



M 



< £ ti^O^t) + L\B t \l O0 (B t ) + Le^2l 0i (B t 



i=0 



t=l 



< ^^+(x i )lo I (5 i ) + ^|i? i | 2 + ^ 



i=0 
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Thus, noting that our condition implies lim^^oo (x) = 

M 



lim E 

M 



G 



< lim E 

n— >oo 



G 



L, 



[^tp+WloiW + jjlBtF + L: 



i=0 



< Yl lim ^(^ G [^(Bt)} + ^ G [\B t \ 2 ] + Le = ^E G [\B t \ 2 ]+Le. 

£ — * n — ^nn hi 



i=0 



R 



Send R — > oo and e — )■ 0, we prove the result. 



3.3 An intermediate norm for rj G Ai l G 

We now use 5 n (t) to introduce the following norm for a process rj. 

Theorem 3.6 For any rj £ Mq, the following limit exists: 



M| Mg := lim E G / 5 n (t)n t : d(B) t 



(3.11) 



(3.12) 



Proof. We first assume r] £ Mq. By otherwise considering a finer partition of [0, T], 
without loss of generality we assume, for = to < ■ ■ ■ < t m = T, 

m—1 

r l=^ 'MMm-O' where % = <Pi( B ti ,B U 

and cpi is uniformly Lipschitz continuous. Denote 

rT 

?G 



(3.13) 



W(Bt ir -- ,B U ) :=E£ / SnWrjf.diBh 

We prove by backward induction that 

lim^f = ipi 

n 

where, ip m := and, for i = m — 1, ■ • ■ ,0, 

Ipiixx,--- ,Xi) •■=Sfi,ulC (^i+l^l)--- ,«t, •))(«*)• 



(3.14) 



Indeed, when i = m, (|3.13|) holds obviously. Assume (|3.13|) holds for i + 1. Then by (|3.9p 
we have 

lim" C(£ti»-- - ,B t .)-i>i{B h ,--- ,B U ) 



G 



lim E.' 



lim E f G 

n— >oo 1 



S n (t) Vu :d(B) t + ip i+l (B tl: 



B, 



< lim E.' 



V^r+i (B tl , • • • , b u+1 ) - (B tl , • • • , ; 
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By induction assumption, lim^^oo i^f+i = ipi+i- Moreover, one can easily check that V'l+i 
is uniformly continuous in Xj+i, uniformly in n. Then by Lemma 13.51 we obtain 

EE W(B tl , ■ ■ ■ , B ti ) - ip t (B tl , ■ ■ ■ , B ti ) < 0. 

n— too 

Similarly, we can show that 

ipi(Btn ■ ■ ■ ,B U )- lim W(B tl ,--- ,B ti )<0. 

n— >oo 

Thus ()3.13j) holds for i. This completes the induction and hence proves that the limit in 
(I3TTT]) for 77 G M° G . 

We now consider general r\ G M-q- Let r\ m G M° G such that lim m _ 5 . 00 \\n m — r/H^^ = 0. 
For each m, by previous arguments we have 



lim E G 

n— loo 

By (|2.2p . one can easily check that 

fT 



5 n {t)r,T : d(B) t 



E' 



G 



5 n (t)C : d(S) t 



G 



< E 



G 



5n(i)[% m -r/*]:(i(i?) ; 



exists. 



5 n (i)7? t : d(5) t 



< E 



G 



1% 



T/*||a 2 |dt 



Jo 



w 2 \\w 



0, as m — > oo. 



This clearly leads to the existence of lim n _ 



E 



G 



6 n (t) Vt :d(B) t \. M 

We now collect some basic properties of || • ||m g - The left inequality of (|3.15p below is 
crucial for our purpose. We remark that, the norm || • was introduced in Hu and Peng 

[1] and a similar estimate was obtained in Song |13| by using different arguments. 

Theorem 3.7 || • ||m g defines a norm on Ai G (up to an equivalence class), and for any 
< e < cq, it holds that, 



(3.15) 



Proof. Note that || • < || • H^^. By using standard approximation arguments, it 

suffices to prove the statements for rj G Mq- We now assume r\ takes the form (I3.12D and 
we shall use the notations in the proof of Theorem 13.61 In particular, by (|3.13j) we have 

IMImq = ^o- 

We first prove (|3.15p . Define ip £ . and ip^ by: 



^(B tl ,--- ,B ti ):=eE 



G e 



\Vt\dt , tp i {B- 



,B t 



\Vt\dt 
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Then #=-0 =0, and 



V£(ari, • • • 



E' 



E c 



V>i+iOir-- ,Xi,Si + S^ ) +C |v?i(xi,--- ,xi)|(ti + i - U). 



Applying Lemma 13.21 (ii) and recalling (13.14p , by induction one proves (13.15P immediately. 

We now prove that || • ||m g defines a norm. First, by (|3. 15[) we see that ||7?||m g > 0. 
Next, for any A£l, noting that G~ a = G a by Lemma 13.11 (ii), it follows from (|3.14p that 

rT 



V\\Mc 



lim E G 

n— >oo 

lim |A|E' 



5 n (t)\X\ Vt : d{B) t 



G 



r 



S n (t)iTt : d(B) t = | X\\\ V \\ 



Finally, for any r], fj G -M.Q, by the sub linearity of E G , we have 



E : 



G 



T 



Sn(t)[r]t + m} ■ d(B) t 



J 



< E G 









6 n (t)rjt ■ d{B)i 



+ E G 


ii 







6 n {t)rjt : d(B) t 



Send n — > oo we obtain the triangle inequality: \\r] + t/||mg < II^IImg + ||^||m g - That is, up 
to an equivalence class, || • ||m g defines a norm. ■ 



3.4 The new norm for rj 

One drawback of the above norm || • ||m g is that we have to use different norms in the left 
and right sides of (13. 151) . Consequently, we are not able to prove the completeness of A4q 
under || • ||m g - To be precise, given a Cauchy sequence if 1 G Mq under || • ||m g > we are 
not able to prove the existence of a process rj such that lim ||r/ n — t/||m g = 0. For this 
reason, we shall modify the norm || • ||m g slightly by using heavily the estimate (|3. 15[) . Set 
£ k '■= T^ c 0; k > 1, and define 

oo 

IMIm g ■= Yl 2 ~ k Wv\\M GEk , V^Mh- (3.16) 
fc=i 

Then clearly || • Hmj, define a norm on Mq, and we denote by M^, the closure of Mq under 
|| • \\m* g - To understand the space Mg, we note that Mq s ls decreasing as e — > 0. Set 

M Go :=YunMh E = D M k- ( 3 - 17 ) 

0<e<c 

On the other hand, recall (|3.5|) and let 

A £ := {(T G A: g% <a 2 <c^}, V £ := {p ct : a G A £ }, V := limV £ . (3.18) 
We remark that Vq is a strict subset of {F a : a G A,a< a <W}. We now have 
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Theorem 3.8 Let rf 1 G be a Cauchy sequence under \\ ■ \\m g - Then there exists unique 
(in the V^-q.s. sense) process T) G -^g su ch that 



lim \\ v n - v \\ u * = 0. (3.19) 

n— ¥00 u 

Consequently, we have 

M^CM^CM 1 ^. (3.20) 

Proof. We first note that, for any 77 G -^Go' Theorem 13.71 ||j?||m G£ is well defined for 
all < e < Co, and thus ||t7||m g is well defined with possible value 00. 

Next, for any < e < Co, there exists k large enough such that £k < £■ By the left 
inequality of (|3.15p we see that 

\\v n -r] m \W n <C £ ,e k \\v n -V m \\u Ge <2 fe C £j£ J|r 7 "-r ? m || M * ^0, as n,m^ 00. 

Since {M. l G , \\ ■ \\m g ) ^ s complete, there exists unique (in "P £ -q.s. sense) t/ 6 ** G such 
that limn^oo ||r/ n — j/ e '||^i = 0. By the uniqueness, clearly rf e ^ = r/% V £ -q.s. for any 
< i < £ < Co- Thus there exists 77 G such that rf e > = 77, V £ -q.s. for all < e < Co- 

We now prove (|3.19p . Indeed, for any 5 > 0, there exists iV^ such that 

\\v n - V m \\m* G < for all n,m> N s . 

Note that, by the right inequality of (j3. 15[) . 

\\v m -v\\m G < CoWif 1 -n {e) \\ M i 0, asm^oo. 

Then for any n > Ns and if > 1, 

K K 

V2- fc ||^-r ? || MG£ = lim V 2- fc ||rf - ^ m || M < lim ||^ - r/lM G < 5. 



fe=l fe=0 



m— >oo 



Send if — >• 00 we obtain ||r/ n — i]\\m* g < 5 for all n > N$. This proves fj3. 19[) . 

Finally, if r\ G is another limit, then ^||m* = 0. This implies that ||^— 77 ||a^i = 

G Q £ 

for all £ and thus fj = 77, "P e -q.s. for all £. Therefore, 77 is unique in Po-q-s. sense. ■ 

4 The G-martingale representation theorem 

We first note that, assuming (Y l , Z l , n 1 ) , i = 1,2, satisfy ()2.19p . then 

d(Y? - Y?) = (Zj - Zl) ■ dB t - [G(r,D - G{ri$))dt + - r,j) : d(B) t . (4.1) 
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I 7 ? 1 — 7 ? 2 I 



8 n (t)d(Y t l -Y t 2 



By Lemma 13.31 we have 

= 2 lim E a 
In light of (|3.16p . for any p > 1 we define: 

oo 

daA&b) ■= \\Y l ~Y 2 \\ nP + V2- fe lim E' 

fc=l 

where & e £ ip and F/ := Ef [&], t = 1,2 



for all < e < c . (4.2) 



Snftdtf-Y?) , (4.3) 



Then clearly dc P is a metric on d p , and we let ~L*q C £ g denote the closure of Ci p under 
dG,p- We remark that 

116 - < r 1 - y 2 || B , < ||6 - 6|| L * . 

Remark 4.1 We remark that we allow the metric c2g,p(£i>£2) to depend on Y" 1 , but not 
on Z % or 77* explicitly. The component Y has a representation, namely as the conditional 
G-expectation of £, but in general we do not have a desirable representation for Z or 77. 
Thus it is relatively easier to check conditions imposed on Y than those on Z or 77. See also 
[9] for similar idea. ■ 

Given (Z, 77) and y, let Y y,z,v denote the G-martingale defined by (j2.19j) with initial 
value Yq = y. We first have 

Lemma 4.2 For any p > 1, y € M, and (Z,rj) G U P G X A*^, we We y^ ,J? G L^. 
Moreover, for any such (yj, Z l ,rf), i = 1,2, we /iaue 



|yi - 2/2 1 + ll^ 1 - ^ 2 ||^p + I?? 1 



V \\M' a 



(4.4) 



Proof. We first prove the a priori estimate (14, 4ft . Denote Y J := yfii^ 1 ^ } i = 1,2. By 
(|4.ip . it is obvious that 



lyi _ y 2 | 



I2/1 - 2/2 1 + WZ 1 - Z 2 \\ n p + Hr/ 1 - if\\ M P 



(4.5) 



Moreover, by (|4.2p and the right inequality of (|3.15p . we have 



lim E Ge fc 



r 



X || 1 2i 

2^ _r ? I 



< Cltf-v 2 ^ ZCltf-rfWMi <C\W-r?\\ M v 



Then, 

00 

V 2- k lim E c 

* n. — Vrxn 



fe=i 



?? 2 IIa^ = cWv 1 -*i 2 \\M r , 



k=i 
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This, together with (|4.5p . implies (|4.4p . 

We now show that Yt '■= Yji' Z,v G in two steps. 

Step 1. Assume r\ = 0. By (|4.4p and the definition of we may assume without loss 
of generality that Z = Y^=$ z tA[u,u +1 ) & Hq- Then 

n-1 

Y T = Y + J2 z u B u +1 e A P c L*f . 



i=0 



S^ep U. For the general case, by (|4.4j) and the definition of .Mq, we may assume without 
loss of generality that rj = Ya=o Vti 1 [t i ,t i+1 ) G -M^.. Then 

n-1 



T 



1 



5v- - ! / Z t -dB t -J2 [G(vu)[t l+ i - k] - ^ Vti : [(B) k+1 - (B) u ] 

i=0 







For each i, applying Ito's formula we have 



d[B${B$) T ) = 2B t t i d{B\ i f + d(S*«) t = 2B t t i dBf + d(B) t , t e [t h t 



}ti jt r>ti \T 



i+U- 



Then 



Thus 



% : [<B>t m - <£>tj = % :[^ +i (^ +i 



(rjt^) ■ dB t . 



j-T n-1 

Y T = Y + ZfdB t -Y, [G(Vu ) fc+i - *i] - g % : ( B t i ) T ] 
Jo i=0 



(4.6) 



where 



n-1 



Z t :=Z t -^r/ ti ^l Mi+l) (t). 



i=0 

One can easily check that Z G T~L P G - Then by Step 1, Jq Z t ■ dB t G L^. Moreover, it is 

n— 1 

obvious that ^ [t i+ i - -jfo : G £ ip . Then it follows from gSJ 

i=0 

that y T eLg P ■ 

Our main result of the paper is the following representation theorem, which is in the 
opposite direction of Lemma 14.21 



Theorem 4.3 Let p > 1. 

(i) For any £ G Lj!T and denoting Yt := Ep[£], t/iere exist unique Z G and n G 
sitc/i that ([2.19|) holds Vo-q.s. Moreover, there exists a constant C p > such that 



I*1Id> + \\Z\\ H p + ||r?|| M * < C p d G , P (C,0). 



(4.7) 
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(ii) For any £1,^2 £ > ^ iY" 1 ^ Z % } n l ) denote the corresponding terms. Then 



1 



ll^-^IU^ + ll^-^lk, <c p d G , p (6,6), ll^-z 2 ^* <c P (d GlP (£i,&)) 2 . (4.8) 

Proof. We proceed in two steps. 

Step 1 . We first prove a priori estimates (|4.7p and (|4.8|) by assuming (Y, Z, 77) and 
{Y\Z\rf), i = 1,2, are in D G x % G x M G and satisfy (|2TT9l) TVq-s. Indeed, by AMD and 
(|4.3f) it is clear that 

\\Y\\nr G + II^Hmj, < C p d GtP {£,0), WY 1 - Y 2 \\ d p g + h 1 - r/ 2 || M& < Cd G , p (£i,k). 

Moreover, combining the arguments in [10] and [3], or following the arguments in |12j . one 
can easily prove 



\\Z\\h p ^ Cpll^lU^' \\ zl - z2 \\h p g ^ C p(\\ y1 - Y 2 \\ b p g 
Then (EOT) and KB hold. 



S'iep We next prove the existence of (Z, 77). For any £ G L^, by definition there 
exist £ n G £j„ such that lim pr(£,n,0 = 0. Let (Y n ,Z n ,rj n ) be corresponding to £ n . As 
n, m — > 00, by (|4.8f) we have 



\\Y H ~ Y m \\ 0o + \\ V n - V m \\ Ma + \\Z n - Z m \\ n V Q < C p [d G , P (^,Cm) + {d G Atn,U)) 

Then there exist (Y, Z, ijjrfgX^x M G such that 

\\Y n - Y\\ v g + ||rf - 7?|| M J + ||^ n - Z\\ h p g 0, as n 00. 
Moreover, for any < e < cq, choose /c large enough so that Sk < e. Then 



0. 



\v n -v\\Mh < c e,e k \\v n ~ t?IImi < 2C £ , £k \\i] n - j]\\ m * -> 0, as n ->■ oo. 



Thus 



/ G( V :)ds^ [ G( Vs )ds, V £ -q.s. 
Jo J 



Since (Y n ,Z n , 77") satisfy ([249]) TVq.s., then it is clear that (Y,Z,rj) also satisfy ([249]) 
"P e -q.s. By the arbitrariness of e we see that (Y, Z, 77) also satisfy (|2.19p Vo-c\.s. 

Finally, the uniqueness of (Z, 77) G % G x M* G follows from (|4.8p . ■ 

We conclude this paper by providing a nontrivial example of £ which has the represen- 
tation, but is not in Ci p . 

Example 4.4 Let d = 1 and B*[ := sup < s <t B s . Then B^ G \Jq\Ci P for any p > 1. 
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Proof. It is clear that B^, ^ C ip . We prove B^, G in several steps. 

Step 1. Assume £ : SI — >■ M is uniformly Lipschitz continuous and convex in co. We show 
that E G [£] = E F [£], where P := F w . 

Indeed, for any n, denote t™ := i = 0, • • • , n, xq := 0, and define 



5n(xi,-" ,z„) := tn _ tn [gi-i(ff -t)+Xi(t- tg_i)]l (f n_ 1 ,fn](t)) : 

£n ■= 9n{B t n,- ■ ■ , B t n). 



Since £ is convex, clearly g n is convex. Then E G [£„] = E p [£ n ]. Since £ is uniformly Lipschitz 
continuous, then 

\in ~€\<C max sup \B t - B t n\. 

1<1<U t n_^ t ^ t n 

This implies that E G [|£ n - £| -> and E F [|£ n - £|] -»• as n -> oo, and therefore, E G [£] = 

E F [e]. 

5fep For simplicity, we assume a = 1, and thus P = Pq. Note that £ := -B^ is 
uniformly Lipschitz continuous and convex in co. Then by adapting Step 1 to conditional 
G-expectations we have 



Y t := E G [£] = E^[B* T ] = u(t, B t , B* t ), 



where, for x < y, 



u(t,x,y) :=W° yV[x+ sup B l s 
L ' t<s<T 



E 1 



y V [x + 



Note that, under Pq, -B^_ t has the same distribution as \Bx-t\- Then 

- J yV(x + s/T - tz)e~~dz 

(x + \JT -tz)e~^dz. 



y-x 
2 I sJT^t 



v Jo 

For t € [0, T) and x < y, we have 

1 



ye 2 ete + 



7T / 

T-t 



d t u(t,x,y) 



V2vr(T - t) 

- / e ^dz; d xx u(t,x,y) 
7T / y-^ 



; d y u(t,x,y) = \J^- J Vr ~* e ^ dz; 



2 (a-*) 2 

e 2 < T -*) > 0. (4.9) 



vr(T-t) 



Then 



1 1 

<9 t u + -G(d xx u) = d t u + -d^u = 0, and d y u(t, y, y) = 0. 
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Note that dB% has support on {t : B% = B t }. Then by Ito's formula we have 
dY t = du(t,B t ,B*) 

= d t u{t, B t , B*)dt + d x u{t, Bt, B*)dB t + d y u(t, Bt,B*)dB* + ^d xx u{t, B t ,B*)d{B) t 

= d x u(t, B t ,B* t )dB t - G(d xx u(t, B t ,B*))dt + ~d xx u(t, B u B*)d{B) t . 

Thus we obtain the representation with 

Z t = d x u(t, B t , B* t ), r)t = 8 xx u(t, B t , B*). (4.10) 

Step 3. By Lemma 14.21 it remains to show that (Z,rj) G Hq x M p g . For any n, denote 

Z t := Ztl[ 0jT _ij, 7]t := r/ t l[ 0r _±]- 

Note that, in the interval [0,T — — ], d x u and d xx u are bounded and uniformly Lipschitz 
continuous in (t,x,y), then clearly (Z n ,rj n ) G 7i G x Ai G . Moreover, by (|4.9p we have 



\d x u(t,x,y)\ < 1 and \d xx u(t,x,y)\ < 



o 



Then, as n — > oo, 



< E G 



\Z t -Z?\ 2 d(B)t 



G 



{B) T -{B) T _, 

71 

T 

\Vt - r]t\dt 



o 



E 



E 1 



G 



T 



T-l 



\Vt\dt 



\Z t \ 2 d(B)i 



< CE 



G 



T 



dt \P 



p 

n 2 



p ^0; 



/T-l y/T-t' 

n 

This proves that [Z, r\) G x .A/f ^ and completes the proof. 
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